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CONSIDERATIONS OF WAKE-EXCITED VIBRATORY STRESS

IN A PUSHER PROPELLER
By Blake W. Corson, Jr., and Mason F. Miller

SUMMARY

An equation based on simple blade-element theory and
the assumption of a fixed wake pattern is derived and
fitted to avallable data to show the first-order relation
between the parameters of propeller operation and the in-
tensity of the wake-exclited periodic force acting on the
blades of a pusher propeller. The derlived equatlon in=-
dlcates that the intensity of the wake-excited periodic
force 1s directly proportional to air density, to airspeed,
to rotatlonal speed, and to propeller-disk area.

The derlved equation indilcates that the effect of
power coefflcient upon the Intensity of the wake-exclted
periodic force 1s small. In normal operatlion the vibra-
tory force decreases with increasing power coefficilent.
If a pusher propeller 1s used as a breke, ilncreasing the
power coefflcient will increase the vibratory force.

For geometrically similar pusher propellers, a pro=
peller of large dlameter will, 1n general, experlence
less wake-excited vibratory stress than a propeller of
smaller dlameter.

Limited experimental data 1ndicate that the wake-
excited vibratory stress in a propeller increases wilth
the drag of the body producing the wake.

INTRODUCTION

With the lncreased conslderation being glven to the
use of pusher propellers there has arisen a concern over
the magnlitude of the perlodic stresses peculiar to this
type of propeller. A pusher propeller usually operates
in the wake of some other part of the alrplane, such as
the wing, engine mount, or tall surface. As the
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propeller rotates, each blade passes alternately from a
region where the slipstreem axlal veloclity 1s practically
the same as the velocity of the free alr stream into the
wake region, where the axlal veloclity may be considerably
reduced. Vhen a blade passes through the wake, the
blade sections experience an lncrease in angle of attack
and a slight decrease in dynamic pressure; the aerody-
namic load on the blade thus changes perlodically. The
type of motion wlth which the propeller wlll vlibrate may
depend upon several lactors, two of which are the number
of blades and the locatlion of the propeller relatlve to
the wake. The response as measured by the stress pro-
duced in a blade depends upon the deflectlon shape of

the blade as well as upon the 1lntensity of the exciting
force,

The vibratory stress in a four-blade single-rotating
propeller operating in the wake of a wing has been meas-
ured in the LMAL 16-foot high-speed tunnel and the re-
sults of the tests have been reported 1in reference 1.

In that report no detailed study was made of the 1nfluence
of the aerodynamlc condltions of operation upon the pro=-
peller vibratory stress.

The purpose of the present report ls to derive a
8lmple expression that wlll show the flrst-order effects
of airspeed, rotational sveed, propeller characterilsties,
propeller slze, and wake slze upon the perlodic force
which excltes vibratlons 1n a propeller operating in the
wake of a wing. If en sttempt ls made to account for
all obvious effects of the propeller and wake upon seach
other, the problem becomes involved 1f not unmanageable.
In order to maintaln simpliclty of the final expression,
1t was necessary to make several assumptions, which will
be dlscussed herein.

ASSUMPTION3

The problem of estimating the varlaetlon of the
periodic eerodynamic load on the blade of a propeller
operating 1n a wake 1s limited here, first, to a parti-
cular type of propeller lnstallation and, second, to
operating conditlons for which the 1nduced velocltles
are negligibly small. The installation belng con-
sidered 1s a pusher propeller located behind a wing with
the axls of rotation centered in the profile of the wake
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of the wing. It 1s assumed that the propeller dlsk 1s
large enough to extend beyond. the wing wake into the
undisturbed alir stream, The wlng drag coefficlent 1s
assumed to be constant with airspeed; this assumption
implles a fixed wake pattern with the result that at a
given point In the wake the velocity defect will always
be proportlonal to the alrspeed. A diagram showing a
typlcal distribution of velocity in the wake of a wing
is presented in flgure 1. (See reference 2.)

In order to estimate the first-order periodic change
of the serodynamic load on a propeller blade due to
Intermlittent change in axial velocity, simple blade-
element theory (reference 3) 1s assumed to be adequate,
The effect of the changes in axial velocity upon the
blade-sectlon dreg characteristlics is regarded as neglil-
gible, Blede-section 11ft, therefore, 1a the only force
consldered in the blade-element analysis,

For all conditions under which the propeller blade
sectlons exert 1lift, they malntain a consequent induced
alr flow having both axial and rotational veloclty conm-
ponents at the propeller. At speeds above the take-off
and climb range the induced arial velocity 1s very small
in eomparison with the Iorward speed. For a steady con=-
dition of normal operation the velocities inducsed at
varlous stations alons the propeller blade can be esti-
meted by the rrocedure given in reference 4. This pro=-
cedure, however, cennot be appllec at present because
the propreller operates wilth unsteady 1lift. When the
rotating proreller blade traverses the wake, the hlade
sectlons exert a greater 11ft, which creates an increase
in the 1nduced velocity. The 1nstantaneous change 1n
1ift exerted by the propeller blade sectlons durling theilr
ressapge through the wake 1s less than l1s to be expected
from the corresponding change 1n angle of attack, because
development of the clrculation in unsteady 1lift lags
behind the angle-of-attack change (reference 5). A com=
prehenslve treatment of the problem would require such
speclflic assumptlons concernlng the shape of the wake and
the distribution and.magnitude of the veloclty induced at
the propeller that any solutlon obtalned would be nelther
simple nor generals The straightforward approach per-
mitted by the use of almple blade-element theory and the
assumption of a fixed weke pattern Justliflies the conse-
quent slight loss of accuracy.
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SYMBOIS

alrspeed and slipstream axlel veloclty at pro-
eller disk, feet per second or mlles per hour
%Hésumed ldentical in thils analysis)

resultant veloclty of alr relatlive to any blade
element, feet per second

propeller rotational speed, revolutions per
second

dlameter of propeller, feet
advance ratio (V/nD)

propeller tlp radius, feet

radius to any blade element, feet
fraction of tip radius:(r/R)
chord of any blade element, feet

blaede angle of any blade element measured from
zero-11ft direction, radlans

effective helix angle for any blade element,

-1 Vv
redlans (ta.n 5 nrn)

angle oz)attack of any blade element, radians
8 -

angle of attack of wing

1ift, pounds dL
coefficient of differentiasl 1l1ft dx
pnzD4

1ift coefflcient

mean 1ift coefficlent, effective over entire
blade

= 5.7 (approx.)
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T thrus? (propeller-shéft tension), pounds
Q torqué, foot;ﬁgunds'-l-

P power, foqt-pounds per second

p density of air, slugs fef cubic foot

Crp thrust coefficlent (T/bn2D4f

Cp power coefficient (P/pn®D®)

n propeller effliclency

B number of hlades of a slingle propeller
Cy, C2, Cx constants

Subscript:

0.7R -~ at O,7R
DERIVATION OF INQUATION FOR EXCITING FOLCE

For a vropeller operating in the wake or an alrfoil
at thrust-axls level a relatlion between vibratory ex-
clting force and the parameters of rropeller operation
can be derived by flrst expressing the force on a pro-
peller blede element. The 11ft force on a propeller
blade, element of differential radilal length (fig. 2) 1s

1., 2
dL = ZpVR bCy, dr (1)

If the coeffilclent of differentlal 1ift is defined as

dal,
dx
L., = (2).
¢ pn2p%

equation (1) cen be put into the form
2
Le = -%— %xBCL sec?g
SN,
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The change in coefficlent of differential 1lift caused by
a differential change in forward veloclty 1is

2 dc
oL (g oy wes)

The 1lift coefficient may be expressed as the product
of the lift~curve slope and the dlfference between blade
angle and helix angle; that 1s,

C1, = ma

=mp ~ g)

If the blade angle is assumed not to change with rapid
changes 1n axial veloclty,

ac
L - 98
av av (4)

By performing the operations of equation (3) and using
equation (4), there is obtained

‘Z}c - "Z;xz Em sec?d %g + cL(z sec®d tan # %g)] (5)

By figure 2,
=
tan 4 = =
from which

sec? §§ =

These relations when substituted in equation (5) yield

dLg - b

av - 4n2D5 (2VGL - mllx:nD)
II" ‘. --‘“i"ﬂ'-'::':m'
TISLASSIFIED

bk 2 T . ey = g fin - -~ - Ol Lk Lt - ~
- R - A ‘
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which, from equation (2), gives

a(%) D2 <2ch ~ mmDxd dx) (6)

The integration of equation (6) gives the following
relation between the change in 1ift on the entire pro-
peller blade and the change in axlal wveloclty:

) 0
dI.=P—2—éV cr, 2 ax _mmD/d ) (7)
do.2 v0.2

Examination of equation (7) shows that, of the terms
within brackets, the one contalning C3 will, in general,

be gmall in comparison with the other. An explicit rela-
tion between Cyr, end =x does not exist, but equation (7)

can be simplified with small loss of accuracy by using a
mean velue of 1lift coefficient Ty regarded as effec-

tive and constant along the blade. In reference 6 Lock
shows tkat the thrust coefficlent of a propeller can be
computed with falr accuracy from an elemental thrust coef-
ficlent, at x = 0.7, by using the Integrating factor
w/4., A derivation based on the unse of this factor is
given in the appendlx, which shows &n aprroximate rela-
tion between the effective 1ift coefficient and the pro-
peller operating characteristics. .

UI

CL = CLg,7g

32 Crp

sz(%)o.,?R \/72 + 4,84

(8)

When a mean valus of 1lift coefflclent is used, two in-
terrals that depend only on the geometry of the propeller
blade remain in equation (7). For a given blade desisn
these integrals are constants and may be evaluated graphl-
cally from the relations .

....l.-..-._p:o

l' 'l—- "-’"f"'ﬁ\‘ -

S — s
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Yhen the constants C3 and Cg2 and the expression for

mean 1ift coefficient (equation (8)) are substituted in
equation (7), there results

_pnd°[es G G

pJ
N L ¢ ) N = ey

4aL

- mwCgq |AV

The assumption of a fixed wake pattern permits the
concept that the veloclty defect at a given point in the
wake 1s always proportional to the airspeed; thus

AV = ~CzV ) (9)

This definition 1s used herein without regard to the
ratio of blade width to wake thickness. Further con-
slderation of the effect of wake slze upon the vibratory
exclting force is given under "Discussion.® By re-
garding 4L and 4V as finite lncrements and using
equation (9), the intensity of the propeller-blade vibra=-
tory exciting force is expressed as

3 c Cc..J
AL = 52 | mmcy - :33 —— z v (10)
(3)0.73 Va2 + a.82

The substitutlon of an average 1lift coefficlent
(equation (8)) in equation (7) provides a means of ex-
pressing the steady operating condition of the propeller
in terms of customary parameters. The effect of dis-
tribution of 1ift increment along the blade upon the

THCLASSTFED
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wakeg-oxcited propeller vibration depends upoﬁ the blade=-
deflectlon shape. For a given type of blade deflectlon
the vibratory force should be governed by equation (10).

DISCUSSION

@General.- The expression for the magnltude of the
vibratory excliting force (equation (10)) shows the rela-
tion between aerodynamic exciting force and dimenslons.
If the quantities in the brackets are dlsregarded, the
force 1s proportional to alr density p, *Tto an area D2,
and to the square of veloclty having the components rota-
tlonal speed nD and alrspeed V. Of the terms within
the brackets, mnCg determines the greater part of the
exclting force that 1s due to the increased angle of at-
tack of the hlade sections within the wake. The term
that includes CqpJ represents the change in force due

to the decreased dynanlc pressure wlthln the wake
(equation (3)). Actually the term involving Cnpd
(equal to- Cpn) 1s relatively small and minimizes the
effect of mmCg 3in the range of normal operation.
Retention of the term CqpJ 18 desirable, however, be-
cause, 1f the propellor is used as a brake, the fthrust
coefficient hecomes negative and the effects of the
quantities within the hraeckets are additive; the result

1s that, other condlitions belng equal, greater vibratory
forces are experlenced.

Effect of wake size.~ In deriving equation (10) no
effort was made to account for the effect of variaetlion
of propeller locatlon downstream from the tralllng edge

- of the wing nor of the waeke thickness. The assumptlon

of a fixed wake pattern permitted the statement that the
ratlo of wake-veloclty defect to amalrspeed is constant
(equation (9)). ° It is known that the wake pattern
(velocity profile) in e glven wing wake changes with
distance downstream from the wing (reference 2). Close
behind the wing the wake 1s thln and the veloclty defect
1s lntense; farther downstream the wake ls thilcker and
the veloclty defect 1s reduced. Both wake proflles
represent the same momentum loss, and the veloclty de-
fect Integrated-across the wake 1s approximately the
same at all stations within a distence of several wing
chords behind the wing. As the downstream locatlon of
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the propeller 1s changed, the time required for a blade
sectlon to traverse the wake changes 1in ilnverse propor-
tlon to the velocity defect and therefore inversely as

the excliting-force intensity. The vibratery exciting
inmpulse, which 1s the product of force and {time, remalns
constant. Although vibratory stress in the wing struc-
ture may be conslderahly affected by dovnstream location
of the propeller, 1t 1s probable that the wake-exclted
vibratory stress ir the propeller 1s very little affected.

No data &re gavallable that show directly the effect
ol wake size but the vibratory stress 1n the propeller
hlade slrani rmeasured at constant airsneed, rotaticnal
speed, &nd power varliasd dlrectly wlth estimated wing drag
with and without flap (reference 1). These limited data,
as well as direnaional analysls, indicate that the con-
stant Cz &ncd therefore wake-exclted vibratory atress

In a pusher rropeller are proportlional to the profile
drag of the wing producing the wake.

Effsct of proreller dlameter.~- In general, pusher
propeilers of laysge dlareter wlll experlence less wake-
exclted vibratory streass than propellers of =small di-
ameter. Consider the followlng cases:

Case 1. Two pusher-propeller 1nstallations of dif-
ferent slze but geometrlically similar with respect to
propeller, wing, and wake dimensliohs operate at the same
alrspeed and with the rname rotatioral tip speed. Equa=
tion (10) indicatcs an exciting load proportional to D<,
If & blade 1s recarded as a beam, the unlt bending load
increaces directly with D and the benging moment at a
glven station therefore increases ss DY, .IThe sectlon
modulus at any statlon also increases as D, The wake=
exclted stress would therefore be the same for both pro-
pellers for a given mode of vibration 1f the two resonant
condltlons nccurred at the same rotatloral ftip speed.
Because the propellsr rotatlional speed 1ls inversely pro-
portional to D, as is also the static vibratlon fre-
quency for a gliven mode, the resnnant conditlion for the
two propellers would occur ot the same rotational tip
speed if the vibratory frequency dld not change wilth
rotational speed. When the effect of centrifugal force
on the resonant frequency of ths blade is considered
(reference 7), it 1= seen that resonance will occur for
the propeller of large dlameter at a lower rotational
tip speed than for the smaller propeller and therefcre,
by equation (10), the vibratory stress will be less.
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' Case 2. On a glven airplane a change is made from

& pusher propeller of small diameter to a simllsér pro-
peller of larger dlameter. The rotatlonal tip speed and
alrspeed are the same for both propellers. This case

1s ldentlcal with case 1 except that the ratio of wake
area to slipstream cross-sectlonal area at the propeller
disk 1s reduced. For this reason as well as for the
reason given ln case 1 the vibratory exciting force and
consequently the stress willl be less for a pusher pro-

peller of large dlameter than for a small propeller.

Compressiblllity effect.- The compressibility of air
affects the propeller vibratory exciting force only to
the extent that it affects the blade-sectlion airfoll
characterlstics and the wing wake., The quantity m
within the brackets of equation (10) increases with
blade-sectlon operating Mach number and produces a cor-
responding increase 1n the thrust coefficlent Crp. The

net effect 1s an Increase in exciting force due to com-
pressibllity with an increase in either rotational tip
speed or alrspeed. Thls increase 1n excltlng force 1s
in addition to the dilrect effect of the rotational tip
speed or alrspeed indicated by equation (10). In
general, alrplanes do not operate a2t such high alrspeeds
that wing drag (wake size) 1s much affected by compres-
8lbllity; however 1n some caszes propeller vibratory stress
may be Influenced by the effect of compressiblility on the
wing drag. Alrplenes having wing sectlions with a thick-
ness ratlo of 20 to 23 percent may operate at high altl-
tude at a value of Mach number close to the critical
value (0.5 to 0.8) for the wing. It would be possible
in a shallow dive to exceed the critlical Mach number and
thereby to Increase the wing drag and in turn the pro-
peller vibratory stress.

Excltatlon frequency.- In turning through one revo=-
lution, each blade of a pusher propeller operating in
the wake of a wing located at thrust-axis level recelves
two wake-exclited impulses. Any mode of propeller vibra=-
tion having a resonant frequency of 2n may be exclited by
the wake, Because the wake region through which the
propeller operates may be qulte sharply defined, the
excltation will contaln harmonlics of the frequency 2n.
The harmonic components, however, are of relatively
small importance according to the tests of references 1
and 8, Although previous tests (reference 9) indicate
that 1t 1s possible to produce a second mode of vibra-
tlon with aerodynamlic excitation, the first modes of
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vibration occur most frequently with such excitation
(references 1, 8, and 9); therefore primary interest 1is
in the vibrations that have a frequency of 2n.

APPLICATION OF EXCITING~FORCE EQUATION TO MEZASURED DATA

%pparatus and methods.~ During the tests reported
In reference 1 the propeller operated behind a wing
mounted at thrust-axis level (fig. 2). The plane of
the propeller dlsk was located ahout 23 percent of the
wing chord behind the tralling edge, or approximately

2 blade chords (at the 0.753) behlind the wing trailing
edge. The wing wes tapered and had JACA low-~drag sec-
tions. A simulated full-spen split flap was attached
to the wing for =some »f the tests. The propeller was
driven by a Pratt & Whitney R-2300 engine mounted 1n a
nacelle and supported in the wind tunnel separately from
the wing. The single-rotating propeller was a Hamllton
Standard hydromatlic of 1l2-foot diameter, which had four
aluminum-alloy blades of design 6487-12 used in a hub

of design 24DEO. The propeller rotated at nine-sixteenths’
of the englne speed.

The experimental data consisted in oscillograph and
wave-analyzer reccrds of strain, which were converted to
stress; electrical straln psages were used for plckups.
The stress deterninatlons are belleved to be accurate to
within £5 percent. The method and accuvracy of streln
recordings are explaeined in more detall in reference 9.
The straln-gage clrcults were cormpleted through a com-
mutator 1n front of the propeller. Leads from the
commutator were supported by a steel cable 3/8 inch in
dlameter stretched across the wind tunnel just behind the
wing. The propeller operated in the combined wake of
the wing and the cable. .

Tests and results.- The propeller-blade vibratory
stress wgs mecsurec durlng tests in whlch the rotational
apeed was held constant at the resonant speed and in
which engline torque, and therefore power coefficlent, was
held constant. Only the alrspeed was varied during a
run. Three runs were made with different constant values
of power coefflclent. An edgewlse reactlionless vibra-
tion was encountered, which produced maximum stresses
near the hlade shank.
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If damping 1s assumed to be constant, the vibratory
stress for a glven propeller is proportional to the
excltlng force AL for any given resonant frequency.

In & strict sense, the damping changes when AL changes;
for example, a change in alrspeed V would be accom-~
panied by changes in aerodynamic damping and mechanical
hysteresis damping. In the application of equatlion (10)
to the avallable test data, however, it 1s assumed that,
wlthin the accuracy of the sequatlon and of the vibratory-
stress measurements, the change in the damping is small.
For constant damping, the propeller vibratory stress under
the condltions of the tests should have increased directly
as the alrspeed increased. A glight effect of power
coefflclent might Lave been expected but, because Cpn

is practlcally constent in the operating range, this ef=-
fect would be very small. The results of the stress
measurements are given 1n table I and are shown graphi-
cally 1In flgure 4, in which vibratory stresa at the pro-
peller blade shank 1s plotted against alrspeed. The
stralght-llne variation of stress with alrspeed required
by equation (10) has been fitted to the data from refer-
ence 1 by the method of least squares, and the agreement
1s reasonably good. There was no conslstent variation
of vibratory stress with power coefficient.

A Tew addltional measurements of propeller-blade
vibratory stress were made after a simulated split flap
was attached to the ving ahead of the vropeller. The
deflected flap caused such a great increase in the vibra=-
tory stress that, when the alrspeed was Iincreased above
150 mlles per hour, the vibratory stress became danpgerous.
The stress Increase produced by the deflected flap is
attributed sclely to the increase in wing drag and not to
the downwash assoclated wlth the change in wing lift;
thls concluslion is based upon the test results of refer-
ence 1, which qhow that increasing the angle of attack of
the wing from 0° to 3.9° produced practically no increase
of vibratory stress at a frequency of 2n. There are
avallable only two sets of test data by which wake-
exclted vibratory stress may be correlated with the drag
of the body producing the wakse. These. data taeken from
reference 1 are presented 1n figure 5, which shows vibra-
tory stress of frequency 2n measured at the blade
shank. The drag coefficlent based on wing area was com=
puted from the combined estimated drag of the wing and
electrical-lead support cable.
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CONCLUSIONS

The derived equatlon that shnwvs the first-order
relation between the intensity of the wake-exclted peril-
odic force acting on e propeller blade and the parameters
of propeller operatlion and limited experimental data in-
dicate the followlng conclusions:

l. The intensity of the wake-exclited perlodic force
acting on the blade of a propeller operating in the wake
of a wing varles directly with alr density, alrspeed,
rotational speed, and propeller=-dlisk area.

2. The magnltude of the power coefficlent has a
very small effect upon the magnitude of the wake-excited
periodlc force that causes vibration ln a pusher pro-
peller. In normal operation, Increasing the power coef-
ficlent decreases the vibratory forcee. ¥hen the pro-
peller 1s used as a breke, increasing the power coeffi-
clent intensiflies the perilodic force.

3. For geometrically similar propellers, a pusher
propeller of large dlemeter will, in general, experlence
less wake-exclted vibratory stress than one of smaller
dlameter.

4, The wake-exclted vibratory stress in a propeller
Increases with the drag of the body producing the wake.
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APPENDIX
DERIVATION OF EXPRESSION FOR TFFECTIVE LIFT COLFFICITNT

Refer to filgure 2.
d? = B dL cos &
n
aL = %p[ﬁz + (Enrn)f]CLb dr

a27rn

VVE + (Cnrn)@

cos {3

irs

VI + (Trx-)—§

pn&2+QWMQMﬂ
at = — = dr

- e VI + (m)2

pn2D4|__q2 + (ﬁx)?]CL %Eﬁx
ar = ax
a Vi< + (mx)2

ar _ _GCr
2pn®D4x dx  a(x®)

By regarding the operation of propeller sectlons st

x = 0,7 =as reprcsentative of averags operation of sec-~
tions at all radii, Lock in reference 6 makes the ap-
rroximation
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2

i b

op =3z | ® + 2,84 B(—') c
T™3 D Jo.7R L0.7R

CL = Cro.7R

C
I —mm e (8)

FolBo Vo
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18 WOFBEEER & NACA ACR No. 14B28
TABLE T
VIBRATORY STRLSS AT SHANRK FOR FIRST
MODE OF EDGEV/IISE VIERATION

EBlade design, Hamilton Standard 6487-12; aluminum-alloy -
blades; no slmulated split flap attached to wing; ay, Oql

Alrspeed Vibratory stress
(mph) (1b/sq in.)

Power coefficlent, 0,048

106 2800
185 +5650
280 +7050

Power coeflficlent, 0,072

142 13400
185 #5500
280 16800

Power coefflclent, 0,096

15% 14100
185 15600
280 16700
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Figure 1.~ A typical distribution of velocity
In the wake of an airfoil.
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Simulated split flap
(used for one testonly

/-Prope/ler‘ ¢
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Top view Section A-A
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0
|
|

- Inverted paralle! to
tunnel ¢

Side view

Figure 3.- S:mulafed usher installation with simulated split flap attached to wing.
fF/g 2 or reference 1.)
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NACA ACR No. L4BZ28
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